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The method of quantum cloning is divided into two main categories: approximate and probabilistic
quantum cloning. The former method is used to approximate an unknown quantum state deter-
ministically, and the latter can be used to faithfully copy the state probabilistically. So far, many
approximate cloning machines have been experimentally demonstrated, but probabilistic cloning
remains an experimental challenge, as it requires more complicated networks and a higher level of
precision control. In this work, we designed an efficient quantum network with a limited amount of
resources, and performed the first experimental demonstration of probabilistic quantum cloning in
an NMR quantum computer. In our experiment, the optimal cloning efficiency proposed by Duan
and Guo [Phys. Rev. Lett. 80, 4999 (1998)] is achieved.
PACS numbers: 03.67.-a, 03.67.Dd, 76.60.-k
The no-cloning theorem states that an arbitrary quan-
tum state cannot be cloned perfectly [1]. This is a di-
rect consequence of the linearity of quantum mechanics,
and constitutes one of the most fundamental differences
between the classical and quantum information theory.
Remarkably, this property is also the crucial element for
guaranteeing the security of many quantum key distri-
bution protocols. Although quantum states can not be
cloned faithfully, in a seminal paper, Buz˘ek and Hillery
proposed an ”approximate cloning machine” that can
produce two identical copies approximately close to the
original one [2]. On the other hand, quantum cloning
machines are of significant importance in quantum cryp-
tography as they provide the optimal eavesdropping tech-
nique for a large class of attacks on many quantum key
distribution protocols [3, 4] and have attracted a great
deal of interest in further research [5–11]. Up to now,
several approximate cloning machines have been exper-
imentally demonstrated in optical systems [12–18] and
NMR systems [19–21].
Apart from the idea of an approximate cloning ma-
chine, an interesting alternative quantum cloning ma-
chine, probabilistic quantum cloning machine (PQCM),
was proposed by Duan and Guo [22]. They showed that
states randomly chosen from a known set of states can be
probabilistically cloned with perfect fidelity, if the states
in the set are linearly independent. More specifically, if
the states in the set are two non-orthogonal states |ψ1〉
and |ψ2〉, the cloning fidelity will be 1 and the optimal
cloning efficiency γ is given by 1/(1 + |〈ψ1|ψ2〉|).
There are many theoretical investigations on PQCM in
literatures [23–25], and resource demanding experimental
proposals exist [26]. However, to the best of our knowl-
edge, no experiment has been reported until now. To
make the experiment feasible, one should overcome two
difficulties: (i) to minimize the quantum network com-
plexity, and (ii) to achieve precise quantum control at
a certain error threshold. In this work, we successfully
solved these two problems and experimentally demon-
strated the probabilistic quantum cloning machine with
optimal cloning efficiency [22].
FIG. 1: Quantum logic circuit for the probabilistic quan-
tum cloning demonstration. Qubit a is the probe qubit and
qubit c is the clone qubit, they are all initialized in states
|0〉. Qubit b is initially prepared at the to-be-cloned qubit
in |ψin〉b = |ψ±θ〉 through rotating qubit b by angle ±θ
around the y-axis. The unitary operation U1 denotes Ry(−α)
and U2 denotes Ry(β), where α = 2arccos(
√
1+tan4 θ
2
2
) and
β = 2 arccos((
√
2
1+tan4 θ
2
+
√
2
1+tan−4 θ
2
)/2).
We start by introducing the experimental scheme to
realize the optimal 1→ 2 probabilistic quantum cloning.
The quantum logic circuit for the probabilistic quantum
cloning process is illustrated in Fig. 1. This is a three-
qubit network, which contains one Hadamard gate, two
controlled-NOT gates, and two controlled-rotation gates.
In this network, qubit a is the probe qubit that indicates
whether the cloning progress is successful. Qubit b is the
to-be-cloned qubit, which is randomly chosen from the
2set S = {|ψ+θ〉, |ψ−θ〉}, where
|ψin〉 = |ψ±θ〉 = cos θ
2
|0〉 ± sin θ
2
|1〉, θ ∈ [0, π
2
]. (1)
When θ = π/2, the states in the set S are orthogonal.
This simplification is reasonable because any pair of ar-
bitrary states |ψ1〉 and |ψ2〉 can be transformed to the
form of Eq. (1) via a unitary rotation. Qubit c is the
cloning qubit and initially set to |0〉. After the unitary
evolution, if qubit a is detected in state |0〉, the cloning
process succeeds and we will obtain two perfect copies of
the input state |ψin〉 at qubit b and c; and if qubit a is
detected in state |1〉, the cloning process fails.
The output state at the end of the quantum circuit can
be written as:
|ψout〉 = U(|0〉|ψin〉|0〉)
=
√
γ|0〉|ψin〉|ψin〉+
√
1− γ|1〉|Φ〉BC , (2)
where U is a unitary operator for the quantum net-
work shown in Fig. 1, the parameter γ is the cloning
efficiency and |Φ〉BC = −
√
1/(1 + tan4 θ
2
)|00〉BC −√
1/(1 + tan−4 θ
2
)|11〉BC is the normalized state of the
composite system BC. The first term denotes the success
of the 1 → 2 cloning while the second term represents
the failure. If we substitute the expressions of the uni-
tary operator U and the input states |ψin〉 in Eq. (2), we
obtain the cloning efficiency γ as:
γ(θ) =
1
1 + |〈ψ+θ|ψ−θ〉| =
1
1 + cos θ
, (3)
which has been proven to be optimal [22, 23]. Compared
with the logic circuit of the cloning machine proposed in
Ref.[26], this scheme requires fewer quantum logic gates.
This setup should be more robust in practice, as it is less
affected by experimental imperfections, such as errors in
radio-frequency pulses and decoherence.
Using a sample of Diethyl-fluoromalonate, the quan-
tum circuit was implemented on a liquid-state NMR
quantum-information processor. Three qubits are rep-
resented by the 1H, 13C and 19F nuclear spins. The
molecular structure is shown in Fig.2(a), where the three
nuclei used as qubits are marked by the oval. The nat-
ural Hamiltonian of three-qubits system in the rotating
frame can be written as:
H =
c∑
i=a
ωiI
i
z + 2π
∑
i<j
JijI
i
zI
j
z , (i, j = a, b, c), (4)
where ωi represent Larmor frequencies, Jij ’s are the cou-
pling constants: Jab = JHC = 161.3 Hz, Jbc = JCF =
−192.2 Hz and Jac = JHF = 47.6 Hz. The experiments
were performed at room temperature using a Bruker
Avance 400MHz NMR spectrometer equipped with a
QXI probe with pulsed field gradient [27, 28].
FIG. 2: (color online) Molecular structure, NMR parameters
and the 13C equilibrium spectrum of Diethyl-fluoromalonate.
(a) Molecular structure of Diethyl-fluoromalonate. Three
spin- 1
2
nuclei as three qubits are marked in oval. (b) The spin-
spin couplings and chemical shifts of the three nuclei. (c)The
four main peaks in the spectrum corresponding to signal read
out from the 13C channel. They respectively correspond to
the states |10〉, |00〉,|11〉 and |01〉 of 1H and 19F from the left
to the right.
The system was first prepared in a pseudo pure state
(PPS) ρ000 = ǫ|000〉〈000| − 1−ǫ8 I, where ǫ ≈ 10−5 de-
scribes the thermal polarization of the system and I is
the 8×8 identity matrix, using the method of spatial av-
eraging [29]. From the state ρ000, we prepared the initial
state |0〉|ψ±θ〉|0〉 through rotating qubit b by angle ±θ
around the y-axis.
FIG. 3: Pulse sequence for the probabilistic quantum cloning
process. The circuit is implemented by hard pulses and free
evolutions. The grey rectangles denote pi/2 pulses and the
black ones denote the refocusing pi pulses. The rectangles
labeled with θi represent rotations by an angle θi, for θ1 = α/2
and θ2 = (β + pi)/2. Pulse phases are shown up each pulse.
Delay times are τ1 =
α
4piJab
,τ2 =
1
4Jbc
,τ3 =
β
4piJbc
.
The quantum circuit is realized by hard pulses and
free evolution. The pulse sequence is depicted in Fig. 3.
In principle, the readout procedure should be applied to
each of the cloning qubits in the subsequent experiments
at the end of the quantum circuit. In this experiment,
a sample in natural abundance is used, i.e., only ≈ 1%
of the molecules had one 13C nuclear spin. To distin-
3guish those molecules from the background molecules,
we collect all signals from the cloning qubits through the
13C channel, by applying SWAP gates and measuring the
13C qubit. Figure 2(c) shows the experimental spectra
obtained by reading out the 13C qubit. The spectrum
consists of four resonance peaks, labeled by the corre-
sponding logical states of the corresponding logical states
|10〉, |00〉, |11〉 and |01〉 of nuclei 1H and 19F. With respect
to the status of probe qubit 1H, we divide the four signal
peaks into two groups: Group 1, including peaks 1© and
3©, corresponds to state |1〉 of 1H, indicating the failure
cloning process; and group 2, including peaks 2© and 4©,
corresponds to state |0〉, indicating the success process.
Unlike approximate quantum cloning, the probabilistic
cloning machine will yield perfect cloning, and the faulty
copies are rejected. In the analysis, we filtered data from
group 1, which represents the failing case in the cloning
process.
The signal intensity of the initial pseudopure state is
measured as the normalized reference. Then the relative
signal intensity is measured by digital quadrature detec-
tion (DQD). The observable operator can be expressed as
σx + iσy, so the transverse components can be measured
as Px = Tr(ρσx) and Py = Tr(iρσy) . In the subsequent
experiment, the vertical part Pz is measured by applying
a π/2 pulse on the qubit after the cloning process.
It is well-established that probabilistic cloning machine
are analyzed with respect to two characteristics: cloning
efficiency γ and cloning fidelity F . In the following, we
will discuss in details how we can obtain these two pa-
rameters from the spectrum data. In the experiment,
cloning efficiency γ equals to the population of the probe
qubit 1H in the state |0〉. It can be measured by compar-
ing the signal intensity of group 2 with the total one, as
shown in Eq.(5).
Pi = |P2i|+ |P4i|, (i = x, y, z)
γ =
√
P 2x + P
2
y + P
2
z . (5)
We have studied the input states as the function of θ,
varied from 0 to π/2 in π/12 increment. Fig.4 display
the average cloning efficiency γ(θ) (green columns) along
with the theoretical expectations (red columns). Note
that the probabilistic quantum cloning machine can pro-
duce faithful copies with probability γ. The cloning ef-
ficiency is related to the distinguishable metric of the
quantum state space for the input states, since it in-
creases with decreasing of the overlap of the input states
in the cloning set S. The result clearly indicates that the
larger the overlap between the input states, the smaller
the maximum cloning efficiency. As the angle θ ap-
proaches π
2
, the cloning efficiency will be close to 1, which
is possible if and only if the states are chosen from an or-
thogonal set.
FIG. 4: (Color Online) Experimental efficiencies versus dif-
ferent angles θ of input state. The average experimental effi-
ciencies for each θ are represented at green columns and the
red columns corresponding to the optimal values.
After the experimental cloning efficiencies were deter-
mined, another important parameters, cloning fidelities,
were analyzed. From the Bloch-sphere representation,
the state of a single qubit can be represented by a density
matrix of the form ρ = (I +~r ·~σ), where I is the identity
operator and ~σµ(µ = x, y, z) are usual Pauli matrices.
Let ρ0 = |ψin〉〈ψin| = 12 (I + ~r0 · ~σ) be the density matrix
for the initial state, while ρ = ρb = ρc =
1
2
(I + ~r0 · ~σ) for
the copies. To experimentally determine the fidelities,
we need the density operators of the final states of both
qubits. The length of the vectors on the Block sphere rep-
resenting the cloned states are found to be r(~rx, ~ry, ~rz),
where ri = (P2i + P4i)/γ (i = x, y, z). Here, the signal
intensity should be divided by γ to compensate the signal
loss of faulty copies. The cloning fidelities are expressed
as
Fi = Tr(ρ0 · ρi) = 1
2
(1 + ~r0 · ~ri), (i = b, c),
For the initial state |ψin〉 = cos θ2 |0〉±sin θ2 |1〉, we have
~r0 = (sin(±θ), 0, cos θ) and the fidelities become
Fi =
1
2
(1 + sin(±θ) · rxi + cos θ · rzi). (6)
The experimental fidelities of the duplicated states are
shown in Fig.5. Fig.5(b)-(d) show the reconstructed den-
sity matrices for θ = π/4. The vertical axes show the
normalized amplitude and the horizontal axes label the
basis state in the computational basis. Fig.5(b) repre-
sents the matrix for the input state ρ0 and (c), (d) give
the experimental results of ρb and ρc. The correspond-
ing fidelities are Fb = 0.99, Fc = 0.98. Fig.5(a) shows the
cloning fidelities for the input states |ψ(±θ)〉 with differ-
ent angles θ in the cloning set S. In the figure, the cycles
denote the cloning fidelities for the second qubit (red)
and third qubits (green) for |ψ(+θ)〉, while the triangles
4FIG. 5: (color online) Experimental fidelities versus different
angles θ of input state. (a) The theoretical values of cloning
fidelity are plotted as the solid line. The cycles denote the
cloning fidelities for the second qubit (red) and third qubits
(green) for |ψ(+θ)〉, while the triangles are for |ψ(−θ)〉. (b)-
(d) show the reconstructed density matrices for θ = pi/4. (b)
represents the matrix for the input state ρ0 and (c), (d) give
the experimental results of ρb and ρc.
are for |ψ(−θ)〉. The average experimental fidelity over
different values of θ is about 0.98. The small deviations
(≤ 3%) between the experimental and theoretical values
are mainly attributed to imperfect calibration of radio
frequency pulses. The decoherence from spin relaxation
is negligible, since the total experimental time of ∼ 8
ms is much shorter than the minimal relaxation time of
∼ 1.0 s.
In summary, we have experimentally demonstrated the
probabilistic cloning machine in a NMR system by simpli-
fying the network. For two orthogonal states, the cloning
machine can always produce two perfect copies with the
100% probability of success. When the original states are
non-orthogonal, two faithful copies can be produced with
the deterministic probability less than 1. The experimen-
tal results are in good agreement with the the theoretical
prediction, which indicates the cloning network is effec-
tive for the all input states. Our experimental scheme can
be achieved not only in NMR systems, but also in other
physical systems. Further research works in probabilistic
cloning, especially in experimental demonstration, will be
important for the other quantum information protocols,
such as quantum identification, quantum purification and
quantum deleting [22, 30, 31].
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